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Gribov quantization is a method to improve the infrared dynamics of Yang-Mills theory. We study
the thermodynamics and transport properties of a plasma consisting of gluons whose propagator is
improved by the Gribov prescription. We first construct thermodynamics of Gribov plasma using
the gauge invariant Gribov dispersion relation for interacting gluons. When the Gribov parameter
in the dispersion relation is temperature dependent, one expects a mean field correction to the
Boltzmann equation. We formulate covariant kinetic theory for the Gribov plasma and determine
the mean-field contribution in the Boltzmann equation. This leads to a quasiparticle like framework
with a bag correction to pressure and energy density. The temperature dependence of the Gribov
parameter and bag pressure is fixed by matching with lattice results for a system of gluons. Finally
we calculate the temperature dependence of the transport coefficients, bulk and shear viscosities.
PACS numbers: 25.75.-q, 24.10.Nz, 47.75+f
I. Introduction. At extremely high temperature
and/or density, the fundamental constituents of hadrons,
i.e., quarks and gluons, are expected to become the active
degrees of freedom whose interactions are governed by
quantum chromodynamics (QCD). In high energy heavy-
ion collisions, where extremely high values of tempera-
ture are achieved, the quarks and gluons inside the nucle-
ons are liberated over a relatively large volume forming a
quark-gluon plasma (QGP). Contrary to the naive early
expectations that QGP is a weakly interacting gas, the
experimental data from relativistic heavy-ion collisions
[1–6] provided evidence for it to be a strongly interacting
and correlated system [7, 8]. This sparked the interest to
study relativistic heavy-ion collisions within the frame-
work of dissipative hydrodynamics and to estimate vari-
ous transport coefficients of the QCD system [9–12]; see
also Refs. [13–15] for recent reviews.
At very high temperatures, QCD thermodynamics is
well established within the framework of resummed per-
turbation theory [16–21] as well as from lattice calcula-
tions [22, 23]. On the other hand, understanding the
transport properties of QCD still remains a challenge
[24]. For instance, the coefficients of shear and bulk
viscosities have been calculated in the high tempera-
ture regime using perturbation theory [25–28]. However,
in the phenomenologically relevant temperature regime,
i.e., near critical temperature, results from lattice calcu-
lations are plagued by large uncertainties and therefore
still inconclusive [29, 30]. The estimation of transport co-
efficients of QCD matter is very important for relativistic
heavy-ion phenomenology and is currently under intense
investigation.
Due to long range correlations in the system lead-
ing to confinement of colored degrees of freedom, the
infrared regime of QCD is strongly coupled. This fea-
ture is purely non-perturbative and therefore beyond the
scope of conventional perturbative techniques [16]. An
efficient way to treat the infrared regime of QCD is to
consider Gribov-Zwanziger prescription [31, 32]. This
method improves the infrared dynamics of Yang-Mills
theory by fixing residual gauge transformations that re-
mains after employing the Faddeev-Popov quantization.
The Gribov-Zwanziger prescription leads to an infrared-
improved dispersion relations for gluons [31]. As a con-
sequence, a new energy scale, the Gribov parameter γG,
is introduced which explicitly breaks the conformal sym-
metry of the theory.
The Gribov-Zwanziger approach has recently attracted
a lot of attention in the heavy-ion theory community af-
ter it was generalized to finite temperature [33]. It was
shown that γG, being an intrinsic Yang-Mills scale, sig-
nificantly improves the infrared behavior of QCD and
leads to good agreement with lattice results for thermo-
dynamic quantities [34]. The Gribov dispersion relation
provides a straightforward way to incorporate the effects
of residual confinement on the transport properties of
QGP. In the context of kinetic theory and hydrodynam-
ics, it was employed for the first time in Refs. [35–37] in
a boost-invariant setup. The effect on observables like
dilepton rate and quark number susceptibility has also
been examined lately [38]. However, to the best of our
knowledge, a covariant kinetic theory for Gribov plasma
has not yet been formulated.
In this paper, we study the thermodynamics and trans-
port properties of a plasma consisting of gluons whose
propagator is improved by the Gribov prescription. We
first construct thermodynamics of Gribov plasma using
the gauge invariant Gribov dispersion relation for inter-
acting gluons. Further, we formulate, for the first time, a
covariant kinetic theory for the Gribov plasma and deter-
mine the mean-field contribution in the Boltzmann equa-
tion by considering the Gribov parameter in the disper-
sion relation to be temperature dependent. This leads
to a quasiparticle like framework with a bag correction
to pressure and energy density. The temperature depen-
dence of the Gribov parameter and bag pressure is fixed
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2by matching with lattice results for a system of gluons.
Finally we calculate the temperature dependence of the
transport coefficients. Throughout the paper we use nat-
ural units with c = ~ = kB = 1. We denote three-
vectors by bold font and four-vectors in standard font.
The center-dot represents scalar product of four-vectors
with the metric gµν = diag(+1,−1,−1,−1).
II. Thermodynamics of Gribov plasma. The
gluon propagator with Gribov term is [31]
Dµν(p) =
[
δµν − (1− ξ)p
µpν
p2
]
p2
p4 + γ4G
, (1)
where pµ is the gluon four-momentum, ξ is the gauge
parameter, p2 = p · p = pµpµ and γG is the Gribov
parameter. The propagator in the above equation has
quasiparticle poles at E± =
√|p|2 ± iγ2G, where p is the
three-momentum of the gluons. Although the poles of
the gluon propagator are shifted to an unphysical loca-
tion, p2 = ±iγ2G, it was shown that the glueball channel
contains a physical cut having positive spectral function
[32]. The Gribov parameter γG can be obtained by self-
consistently solving a gap equation which is defined to
infinite loop orders [31, 32]. This is, in general, a non
tivial task. At one-loop order and at asymptotically high
temperatures, one obtains γG ∼ g2s T [34], where gs is the
strong coupling and T is the temperature. In this work,
we consider γG(T ) to be a general function of tempera-
ture whose functional form is determined by fitting the
lattice QCD equation of state. However, in such quasi-
particle frameworks, it is important to ensure that the
thermodynamic consistency is maintained.
In order to ensure thermodynamic consistency at equi-
librium, one can introduce an additional effective mean
field through a bag function B0(T ) [39]. In a Lorentz
covariant way, this can be achieved by modifying the def-
inition of the equilibrium energy-momentum tensor [42–
45, 48, 49]
Tµν(0) =
∫
dp pµpν f0 +B0(T ) g
µν , (2)
where gµν = diag(1,−1,−1,−1) is the metric tensor and
B0(T ) is the bag function which can be determined by re-
quiring thermodynamic consistency in equilibrium. Here
f0 is the equilibrium distribution function which can have
contribution from two quasiparticle energy poles, E±,
of the gluon propagator. In the above equation, dp is
the Lorentz invariant momentum integration measure de-
fined as∫
dp ≡ g
(2pi)4
∫
d4p 2Θ
(
p0
)
(2pi) δ
(
p2 +
γ4G
p2
)
, (3)
where g is the degeneracy factor and Θ is the Heaviside
step function to ensure that only the energy states which
has positive real part are considered.
The equilibrium pressure and energy density can be
obtained from Eq. (2) using the definitions
P0 ≡ −1
3
∆µνT
µν
(0) = PG −B0, (4)
ε0 ≡ uµuνTµν(0) = εG +B0, (5)
where uµ is the fluid four-velocity satisfying uµu
µ = 1
and ∆µν ≡ gµν − uµuν . In the above equation, PG and
εG are the particle contribution to pressure and energy
density, respectively, arising from the distribution func-
tion of the equilibrium Gribov plasma. In the local rest
frame, i.e., uµ = (1, 0, 0, 0), PG and εG are given by
PG =
g
(2pi)3
∫
d3p
|p|2
6
(
f+0
E+
+
f−0
E−
)
, (6)
εG =
g
(2pi)3
∫
d3p
1
2
(
f+0 E+ + f
−
0 E−
)
, (7)
where the form of the equilibrium distribution function
for the Gribov plasma at the two energy poles are
f±0 =
[
exp
(
E±
T
)
− 1
]−1
. (8)
The momentum integrations in Eqs. (6) and (7) can be
done analytically for the distribution function given in
the above equation.
After performing the integrals in Eqs. (6) and (7), we
obtain
PG =
gz2T 4
4pi2
∞∑
l=1
1
l2
[
iK2
(√
i lz
)
+ i→ −i
]
, (9)
εG =
gz3T 4
4pi2
∞∑
l=1
1
l
[
i3/2K3
(√
i lz
)
+ i→−i
]
− PG, (10)
where i =
√−1 is the unit imaginary number, Kn(x) are
the modified Bessel functions of second kind of order n
and z ≡ γG/T . It is important to note that the terms
in square brackets in the above equations are real since
it is just sum of two complex conjugates. Therefore the
thermodynamics of Gribov plasma is real even though the
Gribov energy-momentum dispersion relations, given by
the poles of the propagator in Eq. (1), are complex. In the
calculations, we employ the identity,
√±i = (1± i)/√2.
In order to calculate the particle contribution to en-
tropy density of Gribov plasma, we use the Boltzmann
definition of entropy density for bosons,
sG = −
∫
dp (u·p) [f0 ln f0 − (1 + f0) ln(1 + f0)] . (11)
Again going to the local rest frame as well as using
Eqs. (6) and (7), we find that sG = (PG + εG)/T .
On the other hand, from Eqs. (4) and (5), we see that
sG = (P0 + ε0)/T = s0 implying that the mean field
3contributions through B0(T ) is absent in equilibrium en-
tropy density. For thermodynamic consistency in equi-
librium, we require that s0 = dP0/dT . Taking derivative
of Eq. (6) with respect to T and rearranging, we find that
the thermodynamic consistency is maintained only if
dB0
dT
+
g
(2pi)3
γG
dγG
dT
∫
d3p
i
2
(
f+0
E+
− f
−
0
E−
)
= 0. (12)
The above integral can be done analytically to obtain
dB0
dT
+
gz3T 3κ
4pi2
∞∑
l=1
1
l
[
i3/2K1
(√
i lz
)
+ i→ −i
]
= 0, (13)
where κ ≡ TγG
dγG
dT . We again note that the expression in
square brackets in the above equation is real.
III. Out-of-equilibrium and the Boltzmann
equation. For the general non-equilibrium case, one
can consider the energy momentum tensor Tµν = Tµν(0) +
∆Tµν . In terms of the distribution function, we can write
Tµν =
∫
dp pµpν f +B(T ) gµν , (14)
where f is the non-equilibrium distribution function and
B = B0 + ∆B is the nonequilibrium bag pressure. In
the above equation, the four-momentum of the gluons
now have energy poles at E± =
√|p|2 ± iΓ2G where
we denote the out-of-equilibrium Gribov parameter as
Γ2G = γ
2
G + ∆γ
2
G. Since we consider a system without
any conserved charges, we use the Landau frame defini-
tion for fluid velocity, uµT
µν = εuν , which is the most
natural choice. In the local rest frame, this leads to the
matching conditions ∆T 00 = 0 and ∆T 0i = 0.
The energy-momentum conservation of the system re-
quires that the four-divergence of the energy-momentum
tensor vanishes, i.e., ∂µT
µν = 0. The four-divergence of
Tµν in Eq. (14) leads to
∂νB +
∂νΓG
ΓG
∫
dp p2 f
+
∫
dp pν
[
pµ∂µf +
1
ΓG
(∂µΓG) ∂
µ
(p)
(
p2f
)]
= 0, (15)
where ∂µ(p) represents derivative with respect to four-
momenta. To obtain the above result, we used the trick
pµ∂µδ
(
p2 +
Γ4G
p2
)
= − p
2
ΓG
(∂µΓG) ∂
µ
(p)δ
(
p2 +
Γ4G
p2
)
, (16)
and subsequently performed integration by parts. After
simplifying the integral in the second term of Eq. (15),
we find that the first two terms in Eq. (15) is exactly
of the same form as that required from thermodynamic
consistency, i.e., the left hand side of Eq. (12), but with
equilibrium quantities B0, γG and f0 replaced by out-of-
equilibrium quantities B, ΓG and f .
We extend the thermodynamic consistency condition,
Eq. (12), to hold out of equilibrium which leads to the
Boltzmann equation
pµ∂µf +
p2
ΓG
(∂µΓG) ∂
µ
(p)f = C[f ], (17)
where C[f ] is the collision kernel and the term containing
derivative of ΓG is the mean field term. Indeed the con-
cept of extending the thermodynamic relations to hold
out of equilibrium is quite powerful and has been previ-
ously applied in the context of medium dependent masses
of classical Boltzmann particles [43, 47]. In arriving at
the above equation, one has to keep in mind that the
mean field force, Fα ∼ ∂αΓG, is orthogonal to gluon mo-
mentum, i.e., pαF
α = 0. This restriction on the mean
field force is imposed to satisfy the second matching con-
dition ∆T 0i = 0 implying that δf (which we compute
later) can not have a vector component. Equation (17)
represents the main result of present work. Note that,
in order to satisfy the conservation of energy-momentum
tensor, the first moment of collision kernel must vanish,
i.e.,
∫
dp pν C[f ] = 0. In the present work, we assume
relaxation-time approximation for the collision term [46],
C[f ] = − (u·p)
τR
∆f, (18)
where τR is the relaxation time which is independent of
particle momentum and ∆f ≡ f − f0.
In order to calculate the nonequilibrium corrections to
the Gribov parameter, ∆γ2G, the distribution function,
∆f , and the bag pressure, ∆B, we follow the precrip-
tion described in Ref. [47]. The out-of-equilibrium phase-
space density can be written as f = F0 + δf where δf
is the deviation from equilibrium and F0 has the form of
local equilibrium distribution but with nonequilibrium
Gribov parameter ΓG in the energy dispersion relation
for gluons. Extending the arguments of Refs. [48, 49] for
Gribov plasma and following the analysis in Ref. [47], we
obtain
∆γ2G =
2κT
J10
∫
dp p2 δf, (19)
∆f = δf − f0 f˜0 κ
J10 (u·p)
∫
dp p2 δf, (20)
∆B = − I00 κT
J10
∫
dp p2 δf, (21)
where f˜0 ≡ 1 + f0 for bosons and the right-hand-side of
above equations are evaluated with equilibrium γG in the
energy dispersion relation for gluons. In the following we
will always consider the gluon momentum equilibrium γG
in the energy dispersion relation. The integral coefficients
appearing in Eqs. (19)-(21), are defined as
Inq =
1
(2q + 1)!!
∫
dp (u·p)n−2q (−∆µνpµpν)q f0, (22)
4and similarly for Jnq but with f0 replaced by f0f˜0. The
particular coefficients appearing in Eqs. (19)-(21) can be
evaluated as
I00 =
g T 2z
4pi2
∞∑
l=1
[√
iK1(
√
i lz) + i→ −i
]
, (23)
J10 =
g T 3z2
4pi2
∞∑
l=1
[
iK2(
√
i lz) + i→ −i
]
. (24)
Note that Eqs. (17), (18) and (20) has to be solved self
consistently to evaluate δf which is required for calcula-
tion of the transport coefficients.
The matching condition, ∆T 00 =
∫
dp (u · p)2∆f = 0,
along with Eq. (20) leads to∫
dp
[
(u · p)2 − κ p2] δf = 0. (25)
We also note that the sound velocity, c2s ≡ dP0/dε0, can
be obtained as
1
3
− c2s =
(1− κ) J¯10
3
(
J30 − κ J¯10
)
,
(26)
where we have defined J¯nq similar to Inq in Eq. (22) but
with f0 replaced by p
2f0f˜0. The integral coefficients ap-
pearing in the above equation are given by
J¯10 = − g T
5z4
4pi2
∞∑
l=1
[
K2(
√
i lz) + i→ −i
]
, (27)
J30 = − g T
5z4
8pi2
∞∑
l=1
[
(K4 +K2) + i→ −i
]
, (28)
where, if not explicitly mentioned, the argument of the
special functions are implicitly taken as (
√
i lz).
IV. Transport coefficients. The dissipative quan-
tities can be written in terms of δf as,
piµν = ∆µναβ
∫
dp pαpβδf, Π = −∆αβ
3
∫
dp pαpβδf, (29)
where piµν is the shear stress tensor, Π is the bulk vis-
cous pressure and ∆µναβ ≡ 12 (∆µα∆νβ +∆µβ∆να− 23∆µν∆αβ)
is the symmetric traceless projector orthogonal to uµ. To
obtain the transport coefficients, we calculate first-order
derivative correction to the distribution function from
the Boltzmann equation in the relaxation-time approx-
imation, Eqs. (17) and (18), using a Chapman-Enskog
like iterative solution [50, 51]. The first-order correction
is given by
∆f1 = − τR
u·p
[
pµ∂µf0 +
p2
γG
(∂µγG) ∂
µ
(p)f0
]
. (30)
From the above equation, we see that the derivative of
the equilibrium distribution function, Eq. (8), would lead
to temperature derivatives. Using thermodynamic iden-
tities and projection of energy-momentum conservation
equation, ∂µT
µν = 0, along and orthogonal to the fluid
velocity, we obtain
T˙
T
= −c2s θ +O(∂2),
∇µT
T
= u˙µ +O(∂2), (31)
where A˙ ≡ uµ∂µA is the comoving derivative, ∇µA ≡
∆µν∂νA is derivative projected orthogonal to fluid veloc-
ity and θ ≡ ∂µuµ is the expansion scalar.
Using identities of Eq. (31) in Eq. (33), we get
∆f1 =
f0 f˜0 τR
T (u·p)
[(
1
3
− κ c2s
)
p2 −
(
1
3
− c2s
)
(u·p)2
]
θ
+
f0 f˜0 τR
T (u·p) p
µ pν σµν , (32)
where σµν ≡ ∆µναβ(∇αuβ) is the velocity stress tensor.
Comparing the above equation with Eq. (20), we get
δf1 = − f0 f˜0 τR
T (u·p)
(
1
3
− c2s
)[
(u·p)2 − J30 − κ J¯10
J10 − κ J¯-10
]
θ
+
f0 f˜0 τR
T (u·p) p
µ pν σµν , (33)
where the unknown integral coefficient J¯-10 can be ob-
tained in terms of K1(
√
i lz) and the Bickley function de-
noted by K˜1(
√
i lz) ≡ ∫∞
0
dφ sechφ exp(−√i lz coshφ),
J¯-10 =
g T 3z3
4pi2
∞∑
l=1
l
[
i3/2
(
K1 − K˜1
)
+ i→ −i
]
. (34)
We will use Eq. (33) in Eq. (29) to obtain the transport
coefficients.
Substituting the expression for δf1 from Eq. (33) in
Eq. (29), we obtain the Navier-Stokes equation for shear
stress tensor,
piµν = 2 η σµν . (35)
Here the coefficient of shear viscosity is obtained in terms
of the integral coefficient, η = τRJ32/T , and is given by
η = − g τR T
4z5
960pi2
∞∑
l=1
l
[√
i
(
K5 − 7K3 + 22K1 − 16K˜1
)
+ i→ −i
]
, (36)
In order to compute the coefficient of bulk viscosity, we
first use the matching condition, Eq. (25) in Eq. (29) to
rewrite the bulk viscous pressure as
Π = −1
3
(1− κ)
∫
dp p2 δf. (37)
Substituting δf1 from Eq. (33) in the above equation, we
get the Navier-Stokes equation for bulk viscous pressure
Π = − ζ θ. (38)
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FIG. 1. Temperature dependence of various thermodynamic
quantities obtained after matching with lattice data.
Here we obtain the coefficients of bulk viscosity ζ as
ζ =
τR γ
4
G (1− κ)2
9T
[
J10 J10
J30 − κJ¯10 −
J-10 J10
J10 − κJ¯-10
]
, (39)
where J-10 =
g Tz
4pi2
∞∑
l=1
l
[√
i
(
K1 − K˜1
)
+ i→ −i
]
.
V. Results and discussions.
In order to calculate the transport coefficients of the
Gribov plasma, we first fix the equilibrium thermody-
namic quantities by matching the temperature depen-
dence of the scaled trace anomaly of lattice results [52].
For numerical convenience, we use analytic fit for the
trace anomaly
Ifit0 (T )
T 4
= exp
[
−
(h1
Tˆ
+
h2
Tˆ 2
)]
(40)
×
[
h0
1 + h3Tˆ 2
+
f0
[
tanh(f1Tˆ + f2) + 1
]
1 + g1Tˆ + g2Tˆ 2
]
,
with Tˆ ≡ T/Tc. The above functional form for the fit was
taken from Ref. [53]. The fit parameters were obtained
as: h0 = 0.234236, h1 = −1.83115, h2 = 2.92255, h3 =
0.0703023, f0 = 0.328193, f1 = 62.3957, f2 = −62.5558,
g1 = −1.98532 and g2 = 1.08707. Using the above equa-
tion, the equilibrium pressure is obtained by
P0(T )
T 4
=
P0(T0)
T 40
+
∫ T
T0
dT ′
T ′
Ifit0 (T ′)
T ′4
, (41)
where P0(T0 = 0.7Tc) is again taken from Ref. [52]. In
order to fix rest of the thermodynamic quantities, we
employed the fact that s0 = dP0/dT = (ε0 + P0)/T =
(εG + PG)/T and used Eqs. (4), (5), (9) and (10).
In Fig. 1, we show temperature dependence of vari-
ous thermodynamic quantities obtained after matching
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FIG. 2. Temperature dependence of the scaled transport co-
efficients of Gribov plasma obtained from Eqs. (36) and (39).
with lattice data. We see that the fitted value of the
pressure (blue solid line) matches with the correspond-
ing lattice result for pressure (red dots) at the level of
1 − 2%. We also see that the scaled Gribov parameter,
γG/T , (brown dashed-dotted line) decreases with tem-
perature and tends to saturate to a constant value at
very high temperatures. Since the introduction of γG re-
sults in explicit breaking of the conformal symmetry, this
feature has important implications for bulk viscosity as
discussed later. The scaled bag parameter (green dashed
line) has a peak in the region of phase transition and
mostly takes negative values.
In Fig. 2, we show the temperature dependence of the
scaled transport coefficients, ζ/(s τR Tc) and η/(s τR Tc),
of the Gribov plasma obtained from Eqs. (39) and (36).
We see that, as expected, while shear viscosity (blue
dashed line) increases with temperature, bulk viscosity
(red solid line) has a peak near Tc and then decreases.
The qualitative behavior for the transport coeficients,
as shown here, are in agreement with those obtained
in Ref. [54] using quasiparticle model as well as with
Ref. [37] where results were obtained for Gribov plasma
in Coulomb gauge within longitudinal boost invariant
setup. On the other hand, the transport coefficients
shown in Fig. 2 are completely general and obtained from
a covariant kinetic theory for Gribov plasma.
VI. Summary and outlook. In this paper, we stud-
ied the thermodynamics and transport properties of a
plasma consisting of gluons whose propagator is improved
by the Gribov prescription. We first constructed the ther-
modynamics of Gribov plasma using the gauge invariant
Gribov dispersion relation for interacting gluons. Fur-
ther, we formulated, for the first time, a covariant kinetic
theory for the Gribov plasma and determined the mean-
field contribution in the Boltzmann equation when the
6Gribov parameter in the dispersion relation is considered
to be temperature dependent. This resulted in a quasi-
particle like framework with a bag correction to pressure
and energy density. The temperature dependence of the
Gribov parameter and bag pressure was fixed by match-
ing with lattice results for a system of gluons. Finally we
calculated the temperature dependence of the transport
coefficients, bulk and shear viscosities.
Looking forward, it will be interesting to generalize
the present framework to include finite chemical poten-
tial in the formulation and incorporate the dependence
of Gribov parameter as well as the bag function on the
chemical potential. It is also straightforward to de-
rive second-order dissipative hydrodynamics within the
present framework as done in Refs. [45, 47] for tempera-
ture dependent quasiparticle masses. We leave these for
future works.
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